A maximally connected graph of minimum degree δ is said to be superconnected (for short super-κ) if all disconnecting sets of cardinality δ are the neighborhood of some vertex of degree δ. Sufficient conditions on the diameter to guarantee that a graph of odd girth g and even girth h ≥ g + 3 is super-κ are stated. Also polarity graphs are shown to be super-κ.
Introduction
The topology of a multiprocessor system can be modelled as an undirected graph G = (V (G), E(G)), where V (G)
represents the set of all processors and E(G) represents the set of all connecting links between the processors. Among all fundamental properties for interconnection networks, the connectivity κ is a major parameter widely used for measures of functionality of the system. A basic definition of the connectivity of a graph G is defined as the minimum number of vertices whose removal from G produces a disconnected graph. The parameter κ of connectivity gives the minimum cost to disrupt the network, but they do not take into account what remains after destruction. One attribute which leads us to define a more reliable network is the notion of superconnectivity proposed for the first time in [7, 8] . A graph G is superconnected, for short super-κ, if all minimum cut sets isolate one vertex. Therefore if a graph G is non-super-κ, there exists a cut set X ⊂ V (G) of cardinality |X| = δ such that every connected component of G − X has at least two vertices.
The main objective of this paper is to give sufficient conditions for a graph to be super-κ, in terms of the girth pair for odd g and even h ≥ g + 3. The odd girth (even girth) of G is the length of a shortest odd (even) cycle in G. If there is no odd (even) cycle in G then the odd (even) girth of G is taken as ∞. Let g = g(G) denote the smaller of the odd and even girths, and let h = h(G) denote the larger. Then g is called girth of G, and (g, h) is called the girth pair of G. Girth pairs were introduced by Harary and Kovács [15] and several interesting questions concerning girth pairs were posed in that paper. Campbell [10] studied the size of smallest cubic graphs with girth pairs (6, 7) , (6, 9) and (6, 11) . And a lower bound on the order of a regular graph with girth pair (g, h), for odd g and even h ≥ g + 3 was found in [4] .
Main results
Throughout this paper, only undirected simple graphs without loops or multiple edges are considered. Unless otherwise stated, we follow [11] for terminology and definitions. Let G be a graph with vertex set V = V (G) and edge set E = E(G). For any S ⊂ V , the subgraph induced by S is denoted by G [S] . For u, v ∈ V , d(u, v) = d G (u, v) denotes the distance between u and v; that is, the length of a shortest (u, v)-path. 
When r = 0, N 0 (S) = S for every subset S of vertices, and when r = 1 we put simply N (v) and N(S) instead of N 1 (v) and N 1 (S). The degree of a vertex v is d(v) = |N(v)|, whereas the (minimum) degree δ = δ(G) of G is the minimum degree over all vertices of G. The diameter denoted by diam(G) is the maximum distance over all pairs of
A graph G is called connected if every pair of vertices is joined by a path. If S ⊂ V and G − S is not connected, then S is said to be a cut set. Certainly, every connected graph different from a complete graph has a cut set. The graphs G considered in this paper are different from a complete graph. A component of a graph G is a maximal connected subgraph of G. A connected graph is called k-connected if every cut set has cardinality at least k. The connectivity κ = κ(G) of a connected graph G is defined as the maximum integer k such that G is k-connected. A classic result due to Whitney is that for every graph G, κ ≤ δ.
A graph is maximally connected if κ = δ. Observe that the situation κ < δ is precisely a situation where no minimum cut set isolates a vertex. A graph G is said to be super-κ if κ = δ and the minimum cut sets of δ vertices are the neighboring of one vertex of degree δ. Some known sufficient conditions on the diameter of a graph in terms of its girth to guarantee lower bounds on κ or super-κ graphs are listed in the following theorem.
Theorem 1.
Let G be a graph with minimum degree δ ≥ 2, diameter diam(G), girth g, and connectivity κ. Then, (i) [12, 17, 18] 
(iii) [6, 5] The graph G is super-κ if g is odd, diam(G) ≤ g − 2 and the maximum degree ∆ ≤ 3δ/2 − 1.
Hellwig and Volkmann [16] provide a comprehensive survey of sufficient conditions for a graph to achieve lower bounds on κ and other index of connectivities. Item (i) of Theorem 1 was improved for graphs with girth pair (g, h), odd g and even h ≥ g + 3 in [3] .
Theorem 2 ([3]
). Let G be a graph of minimum degree δ ≥ 3, girth pair (g, h), odd g and even h with g + 3 ≤ h < ∞ and connectivity κ.
The main result of this paper is the following theorem in which we improve Theorem 2. The hypothesis on the diameter and on the minimum degree of Theorem 3 are necessary because for instance Fig. 1 (
One important family of graphs with girth pair g = 3 and h = 6 are polarity graphs defined as follows. Let P be a finite projective plane, and let π be a polarity of P (a one-to-one mapping of points onto lines such that p
The polarity graph G(P , π ) is the graph whose vertex set is the set of points of P and whose edge set is {pp
A polarity graph has diameter 2, g = 3 and no 4-circuits, then they are maximally connected according to Theorem 2. Moreover, they are the unique graphs satisfying these requirements [9] . Fig. 2 shows a polarity graph on 13 vertices. Polarity graphs are extremal graphs for the extremal problem of finding graphs with maximum number of edges with no 4-circuits of order n when n = q 2 + q + 1, q being a prime power; see [1, 13, 14] . Moreover, these graphs have order δ 2 + δ + 1, the vertices have degrees δ or δ + 1, and the vertices of degree δ do not belong to any triangle. Using these properties we finish by proving the following result. 
Proofs
In what follows the goal is to prove Theorem 3. To do that we use the following notation introduced in [2] . Let G = (V , E) be a graph and let X ⊂ V , v ∈ V \ X and u ∈ N(v). Let us define the sets
, because otherwise even cycles of length at most 2µ + 4 ≤ h − 2 would be created. By the same reason (N µ (S
which implies the desired result.
Claim 2. µ ≥ 2. Proof. On the contrary suppose that µ = 1 which means 
′ of length 2 can be considered in C and the sets
which is a contradiction for all δ ≥ 4. Therefore µ ≥ 2 and Claim 2 is valid if δ ≥ 4. If δ = 3 the above inequalities become equalities, thus X = {x 1 , x 2 , x 3 } and assume that z
′ of length 4 in C can be considered. As |N(w) ∩ X | = 1 and |N(w ′ ) ∩ X | = 1 the only possibility is that w ′ x 3 , wx 1 ∈ E(G) because g ≥ 5; see Fig. 4 . However the cycle z, x 3 , w ′ , z ′ , x 1 , w, z has length 6 which is a contradiction. Therefore µ ≥ 2 and Claim 2 is also valid if δ = 3.
To continue the proof assume that 2 ≤ µ ≤ (h − 6)/2 and observe that for any given arbitrary vertex u ∈ F (C), the sets 
, and N µ (u) ∩ X are four pairwise disjoint sets because otherwise an even cycle of length 2µ
which is a contradiction. Therefore |N(u) ∩ F (C)| ≤ 2 and the claim is also valid for δ = 3.
To finish the proof we consider the following sets
which are pairwise disjoint because g ≥ 5 (see Fig. 5 ).
As
Furthermore, by Claims 1 and 3 it follows that
From (2) and (3) it follows that
Observe that |N µ−1 ( 
yielding a contradiction. Therefore µ ≥ (h − 4)/2 in this case. So suppose that |U 4 | ≥ 1 and let
because otherwise by the pigeonhole principle even cycles of length at most 2µ + 2 ≤ h − 4 would be created. Then, by (4) 
yielding a contradiction. Therefore µ ≥ (h − 4)/2 also in this case.
Suppose that there exists a vertex d ∈ S 
which is a contradiction. Therefore µ ≥ (h − 4)/2, thus the proposition is valid. shortest path z i , y, . . . , x j , the shortest path u, u j , . . . , x j , both of length (h − 4)/2, and the path z i , u i , u of length 2 produces an even cycle of length at most h − 2 which is a contradiction. Hence, S
Lemma 1. Let G be a graph with minimum degree δ ≥ 3 and girth pair (g, h), odd g ≥ 5 and even h with g +
3 ≤ h < ∞. Let X be a cut set of cardinality |X| ≤ δ such that every component C of G − X has |V (C)| ≥ 2. Let C be a component of G − X such that max{d(u, X ) : u ∈ V (C)} = (h − 4)/2 and denote by F (C) = {u ∈ V (C) : d(u, X ) = (h − 4)/2}. Then (i) |N(u) \ F (C)| ≤ δ − 1 for all u ∈ F (C) if either δ ≥ 4 or δ = 3
and vertices of degree 3 are not on odd cycles of length less than h − 3. (ii) There exists a vertex u
. . , δ, are pairwise disjoint for if not, an even cycle of length at most h − 2 is formed. Furthermore,
otherwise, an even cycle of length h − 4 is formed and this is not possible. Hence,
Suppose that δ = 3 in which case all the above inequalities are equalities, i.e., |N (h−6)/2 (S (ii) Now suppose that δ ≥ 4 and let us see that |N(u) \ F (C)| ≤ δ − 2 for some u ∈ F (C). Take any u ∈ F (C) and assume to the contrary that the vertices u 1 , . . . , u δ−1 ∈ N(u) \ F (C) can be considered.
it follows that we may suppose that |S
Since the sets N (h−6)/2 (S = u (u i )) ∩ X are pairwise disjoint (because there is no even cycles of length at most 4 + 2(h − 6)/2 = h − 2) and 
Proof of Proposition 2. Let us denote µ(C) = max{d(u, X ) : u ∈ V (C)}. Obviously the proposition is valid for µ(C) > (h − 4)/2. So assume that µ(C) = (h − 4)/2 and denote by
, otherwise an even cycle of length 2 + 2(h − 4)/2 = h − 2 is created. By the same reason, the sets
, where u ∈ F (C) and {x 1 , x 2 } ⊂ X . Then, an even cycle of length at most h − 2 is produced by the shortest (z, x 1 )-path, (z ′ , x 1 )-path and the z ′ , u, z path of length 2 which is a contradiction. Hence we conclude that |X| ≥ 2 if δ ≥ 3 and |X| ≥ 3 if δ ≥ 4.
First let us prove the proposition for δ = 3. Assume that 
again the result is valid.
Next suppose δ ≥ 4 and let us show the following claim.
Proof. Let us denote by r = min{|N (h−4)/2 (w) ∩ X | : w ∈ F (C)}. If r = 1 the claim holds, so assume that r ≥ 2. First assume that r ≥ δ − 1. By Lemma 1(ii), there exists some vertex
which is a contradiction because δ ≥ 4. Therefore 2 ≤ r ≤ δ − 2 and let u ∈ F (C) be such that |N (h−4)/2 (u) ∩ X | = r, then from the inequalities 
which is a contradiction unless r = 2 and δ = 4. Furthermore, if r = 2 and δ = 4 then all the inequalities of (5) become equalities, that is, |N(u) ∩ F (C)| = 2 and
, which also proves the claim for r = 2 and δ = 4.
By Claim 1 two cases need to be studied.
which is a contradiction for δ ≥ 4. Thus, a vertex z ∈ R such that |N ( 
hence the result holds. Therefore we may suppose that |N(w) \ F (C)| ≥ 2 for every vertex w ∈ F (C) yielding |N (h−4)/2 (w) ∩ X | ≥ 2 for every w ∈ F (C). By Lemma 1(ii), it follows that |N(w) \ F (C)| = 2 for every w ∈ F (C).
Take
Let us prove that this vertex u 0 satisfies the following assertion.
First, observe that |S 
which is a contradiction, hence |S
, and observe that the sets Proof of Theorem 3. Suppose that G is not super-k and let X be a cut set with cardinality |X| ≤ δ then any component 
If diam(G) ≤ h − 5 we arrive at a contradiction and then G is super-κ, thus item (i) is proved. So assume that δ ≥ 4 or δ = 3 and vertices of degree 3 are not on odd cycles of length less than h − 3. The hypothesis on the diameter means that all the inequalities of (7) Hence u, w are vertices of degree 3 and x 0 , u, v, x 0 is a triangle. This is a contradiction in polarity graphs, because vertices lying on triangles must have degree δ + 1 = 4. Therefore G has no κ 1 -cut X of δ vertices meaning that G is super-κ.
